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Abstract In two-sided many-to-one matching markets some mechanisms in-
duce worse allocations for one side of the market following a capacity reduction
on the other side. This prediction, however, is not true for all matching mech-
anisms. Assuming preferences are strict and responsive, we are able to provide
comparative statistics involving subsets of agents on both sides of the market
for all stable mechanisms. Within the larger domain of substitutable prefer-
ences capacity reductions may have ambiguous consequences. Nevertheless, if
preferences satisfy the law of aggregate demand a similar result does hold.
These results are an extension of the one-to-one results on entry of Roth and
Sotomayor (1990) to many-to-one environments. Finally, we consider trunca-
tion strategies, and describe how agents may manipulate the matching process
to their advantage, without knowing which stable mechanism is being used ei-
ther by reporting a truncated preference or by shading capacity.

1 Introduction

Many economic environments can be characterized as matching markets in
which agents of two different populations contract to achieve a common goal.
Two prominent examples, which were extensively studied in the market design
literature, are school choice problems and allocations of interns to hospitals.1

Natural experiments with various centralized matching mechanisms have made
it quite clear that the single most important property determining the success
of a mechanism is its stability or lack thereof (Roth, 1991). The importance of
stability drove many economists to study the properties of stable mechanisms
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1 See Abdulkadiroğlu and Sönmez (2003) and Roth (2002) for a survey of these case
studies.



2 Assaf Romm

in one-to-one matching markets, as well as more general and more realistic
models of matching that allow agents to contract with multiple parties, to
specify salaries or other benefits as part of the contracts, and so on.

As is by now well-known, participants in markets governed by stable mech-
anisms may have an incentive to report their preferences and attributes (such
as capacities) untruthfully. Roth (1982) proves that any stable mechanism can
be manipulated by some participants, and Sönmez (1997) shows that every
stable mechanism is manipulable via capacities.2 We follow up on this liter-
ature by investigating the implications of capacity reductions in many-to-one
markets, and show that if a capacity reduction is binding then there exists a
mechanism-independent non-empty set of doctors and a related set of hospi-
tals, such that every doctor in the first set is worse off and every hospital in
the second set is better off following the capacity reduction (under any stable
mechanism). Moreover, if it so happens that the hospital with the reduced
capacity belongs to the set of hospitals mentioned above, then this hospital
can report a lower capacity and be certain to get a better outcome, even
without knowing which stable matching will be realized. That is, in this sit-
uation reporting a reduced capacity dominates truth-telling regardless of the
stable mechanism that is being used. We then consider a larger domain of
preferences, namely substitutable preferences that satisfy the law of aggregate
demand, and prove that a capacity reduction has slightly different yet similar
consequences.

We apply our results to the study of entry in many-to-one markets. While
early works on entry in the matching literature focused on specific mecha-
nisms,3 Theorem 2.26 of Roth and Sotomayor (1990), which is an adaptation
of previous work on assignment games by Mo (1988), stands out as it holds
regardless of the matching process. We show that their result is false in many-
to-one matching markets when a doctor enters the market. That is, there are
cases in which a doctor enters the market and is matched, and yet the con-
clusion of the mentioned theorem about which doctors become worse off does
not hold. We establish a weaker result by allowing only responsive preferences

2 Further contributions include Konishi and Ünver (2006), who show that in a game of
capacity manipulation every pure strategy equilibrium is weakly preferred by the hospitals
to the outcome of any larger capacity profile, and on this matter see also Ehlers (2010),
Kesten (2011), Kojima (2006), Mumcu and Saglam (2009) and Romero-Medina and Triossi
(2007). Azevedo (2011) uses a continuum model (Azevedo and Leshno, 2011) to perform a
more detailed analysis of hospitals’ incentives to reduce capacity.

3 For example, the results of Roth and Sotomayor (1990, Theorems 2.25 and 5.35), which
are reminiscent of those by Kelso and Crawford (1982, Theorem 5) and Demange and Gale
(1985, Corollary 3), show that it is possible to make weak comparisons with regard to the
entire population when either the hospital-optimal or the doctor-optimal stable matching
mechanisms are being used. That is, one can predict that all agents on one side of the
market are made weakly better off or weakly worse off following the arrival of a new agent.
By technically treating hospital’s positions as separate entities (i.e. the equivalent marriage
market approach), these theorems also imply that capacity reductions have a similar effect
under these two mechanisms. The weak comparison results are extended to other matching
environments by Crawford (1991), Hatfield and Kominers (2013) and Hatfield and Milgrom
(2005, Theorem 6).
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and focusing on the set of hospitals that become better off following a doctor’s
entry. In the case of hospitals being at full capacity prior to the entry we can
also identify a non-empty related set of doctors that become worse off. We also
show that the original statement does hold when a hospital joins the market.

Manipulation via truncations and dropping strategies is another strategic
issue frequently discussed in the matching literature.4 Roth and Vande Vate
(1991) note that in a one-to-one matching environment it is sufficient to con-
sider a special subclass of preference manipulations called truncation strate-
gies, in which the hospital reports a preference that coincides with the real
preference in its ordering of acceptable alternatives, but may misreport its
least preferred acceptable alternative.5 We prove that whenever a hospital
uses a (binding) truncation, it harms some non-empty set of doctors and ben-
efits a related set of hospitals. However, as soon as attention is turned to
many-to-one matching, hospitals may want to resort to the broader class of
dropping strategies (Kojima and Pathak, 2009). We show that even a binding
dropping strategy may not have similar implications.

Our somewhat partial welfare analysis is mandated by the broad domain
of matching environments to which it can be applied. For example, stability
has emerged in the theoretical literature as something one may expect even in
decentralized markets in which the precise matching mechanism may not be
so clearly defined. Roth and Vande Vate (1990) show that reasonable random
processes will converge to a stable matching, but may converge to different sta-
ble matchings at different realizations of the random process. While many of
the results in the matching literature do not apply when the stable matching is
stochastically determined, our results are robust even under such uncertainty.
The applicability of our results to decentralized markets also explains why our
analysis is useful despite the simplifying assumption of complete information
over preferences, as it allows us to be agnostic about what information is avail-
able regarding the details of the matching process and which stable matching
will be selected.

The paper proceeds as follows. Section 2 introduces the model. Section 3
studies the implications of capacity reduction. Section 4 applies them to study
entry in many-to-one markets. Section 5 considers the effects of truncation
and dropping strategies, and Section 6 concludes. Most proofs are relegated
to the Appendix.

2 The model

Let D be a finite set of doctors and H a finite set of hospitals. A doctor
can be matched to at most one hospital, but hospitals can be matched to

4 Other forms of manipulation, which are not discussed in this paper, are via pre-arranged
matches (Sönmez, 1999), creating fictitious doctor records (Afacan, 2011), and application
fee manipulation (Afacan, 2012).

5 For more on truncation strategies, see Ashlagi and Klijn (2011), Coles and Shorrer
(forthcoming), Ehlers (2004), Ma (2002), Ma (2010), and Roth and Rothblum (1999).
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several doctors. Doctors and hospitals have strict preferences over possible
matchings with agents from the other side of the market, as well as remaining
unmatched (which we denote by ∅). The strictness of the preferences is crucial
to our results (see also the closing discussion). Each d ∈ D is endowed with
a transitive and complete preference �d over H ∪ {∅}, and every h ∈ H
is endowed with a transitive and complete preference �h over 2D, i.e. all
possible subsets of D. We write preferences as ordered lists and abbreviate
them by omitting those elements that are unacceptable (that is, less preferred
to remaining unmatched). Hospital h also has a capacity qh, which is the
cardinality of the largest acceptable set doctors.

We will denote by P the set of all problems, with a general element P =
(D,H, {qh}h∈H , {�i}i∈D∪H). Throughout this paper we restrict ourselves to
the analysis of two important sub-domains of preferences for the hospitals,
namely the domain of responsive preferences, and the domain of substitutable
preferences that satisfy the law of aggregate demand. Both of these domains
have been extensively used in the literature, mostly due to their intuitive
interpretations and their convenient mathematical properties when it comes
to the analysis of stable matchings.

Hospital h is said to have responsive preferences and �h is said to be
responsive if for every set of doctors D′ ⊆ D such that |D′| ≤ qh, every
d1 ∈ D′ and every d2 ∈ D \D′ we have:

1. D′ �h D ∪ {d2} \ {d1} ⇐⇒ {d1} �h {d2}
2. D′ �h D

′ \ {d1} ⇐⇒ {d1} �h ∅

Loosely interpreted, a responsive preference is consistent with its ordering of
individual doctors, and prioritizes a set with more acceptable doctors (as long
as it does not exceed its capacity). We denote the subset of problems in which
hospitals have responsive preferences by PR.

Define for any hospital h ∈ H the choice function Ch : 2D → 2D by:

Ch(D′) = max
�h

{D′′ | D′′ ⊆ D′}

We say that hospital h’s preference relation is substitutable if ∀D′′ ⊆ D′ ⊆
D : D′′ ∩ Ch(D′) ⊆ Ch(D′′). Intuitively, a hospital’s preference relation is
substitutable if a doctor who is accepted remains accepted when the set of
doctors under consideration shrinks. Hospital h’s preference relation satisfies
the law of aggregate demand if ∀D′′ ⊆ D′ ⊆ D : |Ch(D′′)| ≤ |Ch(D′)|.6
We denote the subset of problems in which hospitals have substitutable pref-
erences that satisfy the law of aggregate demand by PSL. It is easy to verify
that a responsive preference is substitutable and satisfies the law of aggregate
demand, and so PR ⊆ PSL.

A matching is a function µ : D ∪ H → H ∪ 2D such that every doctor
is either matched to one hospital or remains unmatched (denoted by ∅), ev-

6 For matching markets without contracts such as ours, this property was first introduced
under the name cardinal monotonicity by Alkan (2002).
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ery hospital is matched to a set of doctors,7 and the matching is consistent.
Formally: for every d ∈ D we have µ(d) ∈ H ∪ {∅}, for every h ∈ H we have
µ(h) ∈ 2D, and µ(d) = h if and only if d ∈ µ(h).

A matching is individually rational if all doctors and hospitals (weakly)
prefer their matching to remaining unmatched. A matching is unblocked if
there is no set of doctors and a hospital such that every doctor prefers the
hospital to her current match, and the hospital prefers the union of this set of
doctors and some subset of its currently matched doctors to its current match.8

A matching is stable if it is individually rational and unblocked. Formally,
matching µ is stable if it is:

1. Individually rational: For every i ∈ D ∪H, µ(i) �i ∅.9
2. Unblocked: There exist no h ∈ H, D′ ⊆ D and D′′ ⊆ µ(h) such that for

all d′ ∈ D′, h �d′ µ(h) and D′ ∪D′′ �h µ(h).

For any P ∈ P, we denote by Ψ(P ) the set of stable matchings. A mechanism
is a function from P to matchings. Mechanism ψ is a stable mechanism
on sub-domain P ′ if for any P ∈ P ′, ψ(P ) ∈ Ψ(P ), that is, its outcome for
problems in P ′ is always a stable matching. Throughout the paper it will be
clear what is the sub-domain currently under discussion and we will not be
explicit about it when we refer to a specific stable mechanism. We denote
by ψD the doctor-optimal stable mechanism, and by ψH the hospital-optimal
stable mechanism. The existence of these two mechanisms is proved by Gale
and Shapley (1962) for the domain of responsive preferences, and by Roth
(1984b) for the domain of substitutable preferences.

We study preference domains in which the “rural hospital theorem” holds,
i.e. the set of unmatched doctors remains unchanged for all stable matchings,
as well as the set of doctors assigned to hospitals that fail to reach their capac-
ity. This result was first proved by Roth (1984a, Theorem 9), and was extended
to the domain of q-separable and substitutable preferences by Mart́ınez et al
(2000). For a recent treatment and a survey of the different extensions see
Klijn (2011). It immediately follows that given a problem P ∈ PSL any agent
i is matched to the same number of partners under all stable matchings, and
we denote this number by mi(P ).

3 Capacity reduction

For any hospital h ∈ H with preference relation �h and capacity qh and for

any q′ < qh, define �q=q′

h as the preference relation derived from �h by

7 Restricting the definition to only allow hospitals to be matched to sets of doctors smaller
than their capacity does not affect our analysis.

8 We employ here the notion of setwise stability. In the many-to-one markets with sub-
stitutable preferences that we consider, this is equivalent to pairwise stability (Blair, 1988).

9 One can also define individual rationality for the hospitals by requiring that ∀h ∈ H :
µ(h) = Ch (µ(h)). This yields the same stability concept and does not affect our results.
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imposing capacity q′, that is, for all D′, D′′ ⊆ D:

D′ �q=q′

h D′′ ⇐⇒ (|D′| ≤ q′ and |D′′| ≤ q′ and D′ �h D
′′) or

(|D′| ≤ q′ and |D′′| > q′) or

(|D′| > q′ and |D′′| > q′ and D′ �h D
′′)

Lemma 3.1 Let �h and qh be hospital h’s preference relation and capacity

respectively, and �q=q′

h the preference relation derived from �h by imposing
capacity q′. Then:10

1. If �h is responsive, then so is �q=q′

h .11

2. If �h is substitutable and satisfies the law of aggregate demand, then �q=q′

h

satisfies the law of aggregate demand.
3. Even if �h is substitutable and satisfies the law of aggregate demand, it

does not necessarily follow that �q=q′

h is substitutable.

Our first result states that if preferences are responsive and a hospital
reduces its capacity (or at least reports such a reduced capacity) beneath the
number of doctors who are assigned to it in a stable matching, then it is
possible to find some non-empty set of doctors and a (possibly empty) set of
hospitals such that each doctor in the former set is worse off, and each hospital
in the latter set is better off following the reduction. It is important to note
that throughout this paper comparisons are strict, and so “better (worse) off”
means “strictly better (worse) off”. We explicitly note when the comparison
is weak. Furthermore, whenever we make a comparison between outcomes it
is with respect to the true capacity and full preferences (in the next section,
including possible entrants), and not with respect to any partial preferences
or reported capacities.

Theorem 3.2 Assume P ∈ PR.12 Let h0 ∈ H and 0 ≤ q′ < mh0
(P ), and

set P ′ =
(
D,H, (q′, q−h0

) , {�i}i∈D∪H\{h0} ∪ {�
q=q′

h0
}
)

. Then there exists a

non-empty subset of doctors S ⊆ D, such that under any stable mechanism ψ,
every doctor in S is worse off and every hospital in

{
h | ψD(P ′)(h) ∩ S 6= ∅

}
is better off under ψ(P ′) compared to ψ(P ).

Note that the relevant set of hospitals mentioned in the theorem includes
exactly those hospitals that employ some doctors from the specified set of doc-
tors following the capacity reduction under the doctor-optimal stable match-
ing. The two sets are invariant under different stable mechanisms, and there-
fore the conclusion does not depend on the stable mechanism used. This

10 Parts of this result are similar in spirit to Mongell and Roth (1986) who demonstrate
why imposing budget constraints on a firm in the model of Kelso and Crawford (1982) may
cause the gross substitutes condition to stop holding for the budget-constrained firm.
11 That is, when the capacity used in the definition of responsiveness is taken to be q′.
12 Theorem 3.2 holds for a more general preferences domain, namely q-separable and sub-

stitutable preferences (Mart́ınez et al, 2000). However, the proof is far more involved, and
so we use the stronger assumption of responsiveness. For further details on the proof under
the weaker assumptions, please contact the author.
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mechanism-free welfare comparison is equivalent to the claim that all the
specified doctors are worse off and all hospitals in the related set are bet-
ter off under any stable matching following the capacity reduction compared
to any stable matching before it.

The economic intuition and the proof of this theorem are both loosely based
on Theorem 2.26 in Roth and Sotomayor (1990). For the sake of completeness
we reproduce the statement of this theorem here. To make the connection
clearer, the theorem is reformulated in terms of doctors and hospitals instead
of men and women. Note however that the original theorem is stated in “the
opposite direction” (a hospital enters the market), whereas we focus on capac-
ity reductions that are a generalization of leaving a market.

Theorem (Roth and Sotomayor, 1990, Theorem 2.26) Assume all hos-
pitals have a capacity of one. Suppose hospital h0 is added to the market,
i.e. P ′ = (D,H ∪ {h0}, (1, 1, . . . , 1), {�h0

} ∪ {�i}i∈D∪H). If mh0
(P ′) > 0,

then there exists a non-empty subset of doctors S ⊆ D, such that under
any stable mechanism ψ, every doctor in S is better off and every hospital
in
{
h | ψD(P )(h) ∈ S

}
is worse off under ψ(P ′) compared to ψ(P ).

The idea in the many-to-one case is that h0’s capacity reduction, which is in
a sense opposite to h0’s entry in the one-to-one case, initiates a rejection chain.
That is, a doctor that was previously matched to hospital h0 is now “rejected”
and is possibly matched to a different hospital, which in turn rejects another a
doctor, and so forth until either a doctor remains unmatched or a previously
empty position is filled. If it was the one-to-one case doctors on these rejection
chains were all worse off, whereas hospitals were better off. However, in the
many-to-one case things are not quite so simple as a hospital may employ
several doctors (before and after the capacity reduction). The responsiveness
assumption ensures that the same kind of welfare comparisons can be made
on the (generalized) rejection chain.

Technically, the proof relies on constructing a directed graph whose ver-
tices are the agents in the market such that there is an edge from a hospital
to a doctor if they are matched under the hospital-optimal stable matching
before the capacity reduction, and from a doctor to a hospital if they are
matched under the doctor-optimal stable matching following the capacity re-
duction. The original proof (for the case of one-to-one matching) follows a
path from h0 until reaching an unmatched agent. This proof strategy cannot
always work in a many-to-one environment, as paths can split and cycles can
appear. Instead we consider properties of the component reachable from h0.
The implications for all stable mechanisms follow from the doctor-optimality
and hospital-optimality of the matchings that were used to construct the di-
rected graph. A similar logic applies to most of the proofs in the rest of the
paper, under various adjustments to account for the different assumptions and
desired conclusions.13

13 Theorem 3.2 is not a direct implication of Theorem 2.26 in Roth and Sotomayor (1990)
using an equivalent marriage market (see, e.g., Roth and Sotomayor, 1990, section 5.3.1).
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Proof (Proof of Theorem 3.2) Let µ = ψH(P ) and µ′ = ψD(P ′). The latter

matching is well-defined because �q=q′

h0
is responsive, by Lemma 3.1. Through-

out this proof “agent i is better off” means µ′(i) �i µ(i), and similarly for
“indifferent”, “weakly worse off”, and so on.

Assume in contradiction that there exists no S ⊆ D such that S 6= ∅, every
doctor in S is worse off, and every hospital in {h | µ′(h) ∩ S 6= ∅} is better off.

Construct a directed graph with vertices and edges defined as:

V = D ∪H
E = {(d, h) | µ′(d) = h} ∪ {(h, d) | µ(d) = h}

Denote by W the set of vertices reachable from h0, including h0 itself (see for
example Figure 1).

Fig. 1 An example of the graph used in Theorem 3.2

Claim 3.2.1 All doctors in D either have an outgoing edge or are indifferent.

Proof Let d ∈ D be some doctor who is not indifferent. If d is worse off and has
no outgoing edge then S = {d} contradicts our assumption (with µ′(d) = ∅
being the set of hospitals which are better off). Suppose d is better off. From
individual rationality µ(d) �d ∅, meaning that µ′(d) 6= ∅ and d has an outgoing
edge. �

Claim 3.2.2 All hospitals in H are weakly worse off.

Proof Let h ∈ H be better off. If there exists d ∈ µ′(h) who is worse off, use
S = {d} to get a contradiction. On the other hand, if all doctors in µ′(h)
are weakly better off we get a contradiction to the stability of µ (blocked by
hospital h and doctors µ′(h)). This argument applies to h0 as well. �

The equivalent marriage market approach will only imply that some slots of some hospitals
now hold doctors that the hospital prefers, but the hospital may possibly also employ doctors
that it prefers less in other slots. Similar arguments explain why the rest of the theorems in
this paper are not trivially implied by Theorem 2.26 in Roth and Sotomayor (1990).
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Claim 3.2.3 For every hospital h ∈ H, if there is at least one doctor who is
better off in µ′(h), then |µ(h)| = qh, and all doctors in µ(h) are weakly better
off.

Proof Let d′ ∈ µ′(h) be a doctor who is better off. If |µ(h)| < qh then d′ and
h form a blocking pair for µ. Suppose d ∈ µ(h) is worse off. Then from the
stability of µ it follows that:

µ(h) �h µ(h) ∪ {d′} \ {d},

and from the stability of µ′ that:

µ′(h) �h µ
′(h) ∪ {d} \ {d′},

which together contradict the responsiveness of �h. This means that there is
no doctor in µ(h) who is worse off. �

Claim 3.2.4 All doctors in W ∩D are weakly worse off.

Proof Let Db = {d ∈ D | d is better off}. Let deg−b (h) denote the number
of incoming edges from doctors in Db to hospital h, and deg+

b (h) denote the
number of outgoing edges from hospital h to doctors in Db.

Unless W ∩Db = ∅ we can find d′ ∈ argmind∈W∩Db
δ(h0, d), where δ(x, y)

denotes the distance between nodes x and y on the graph (V, E). We denote
h′ = µ(d′) (which is not ∅ because d′ is reachable from h0).

We claim that:
deg−b (h′) < deg+

b (h′). (1)

To see that note first that d′ ∈ µ(h′) and so deg+
b (h′) ≥ 1. If deg−b (h′) = 0,

then we are done. Let ni = |µ(h′) ∩ µ′(h′)| denote the number of doctors
who are indifferent in µ(h′). If 1 ≤ deg−b (h′) + ni < qh′ then we can use
Claim 3.2.3 to get Equation 1. If deg−b (h′) + ni = qh′ then it must be that
h′ 6= h0 (because h0’s capacity was reduced below qh0). In this case there must
be d′′ ∈ µ′(h′) ∩ Db such that δ(h0, d

′′) < δ(h0, d
′), contradicting the way d′

was chosen.
Putting everything together we know that:14

∀h ∈ H : deg−b (h) ≤ deg+
b (h) (Claim 3.2.3)

deg−b (h′) < deg+
b (h′) (Equation 1)

∀d ∈ Db : deg−(d) ≤ deg+(d) (individual rationality)

We sum over all hospitals in H to get:∑
h∈H

deg−b (h) <
∑
h∈H

deg+
b (h) =

∑
d∈Db

deg−(d) ≤
∑
d∈Db

deg+(d) ≤
∑
h∈H

deg−b (h)

Which is a contradiction, proving that W ∩Db must be empty. �

14 For any i ∈ D∪H, deg−(i) denotes the indegree of i and deg+(i) denotes the outdegree
of i.
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Pick some d ∈ µ(h0)\µ′(h0), and let h = µ′(d) (exists by Claim 3.2.1). We
get that hospital h (which is worse off by Claim 3.2.2) and the doctors in µ(h)
(who are weakly worse off by Claim 3.2.4) form a blocking coalition under µ′.
This concludes the contradiction argument, proving that the required S exists.

The conclusion of the theorem follows from the hospital-optimality and
the doctor-optimality of µ and µ′ respectively. We showed that every d ∈ S
prefers µ(d) to µ′(d). Since the hospital-optimal stable matching is the least
preferred stable matching for doctors (Knuth, 1976) we know that for any
stable mechanism ψ, d weakly prefers ψ(P )(d) to µ(d) and weakly prefers
µ′(d) to ψ(P ′)(d), so it must prefer ψ(P )(d) to ψ(P ′)(d). A similar argument
(in the opposite direction) is true for the hospitals in

{
h | ψD(P )(h) ∈ S

}
.

To better understand some of the implications of Theorem 3.2 to manip-
ulating capacities, it is instructive to look at the next example, in which the
relevant set of hospitals contains the hospital h0 itself.

Example 3.3 Let P ∈ PR be such that D = {d1, d2, d3, d4}, H = {h0, h1},
qh0

= 3, qh1
= 2, and the (responsive) preferences are given by:

�d1
=h1, h0

�d2
=h0, h1

�d3
=h0, h1

�d4
=h0

�h0
={d1, d2, d4}, {d1, d3, d4}, {d1, d2, d3}, {d1, d4}, {d1, d2}, {d1, d3},
{d1}, {d2, d3, d4}, {d2, d4}, {d3, d4}, {d4}, {d2, d3}, {d2}, {d3}

�h1
={d2, d3}, {d1, d2}, {d2}, {d1, d3}, {d3}, {d1}

Define P ′ =
(
D,H, (1, 2), {�i}i∈D∪H\{h0} ∪ {�

q=1
h0
}
)

. We have Ψ(P ) = {µ}
and Ψ(P ′) = {µ′}, where µ and µ′ are given by:

µ =

(
h0

d2 d3 d4

h1

d1

)
µ′ =

(
h0

d1

h1

d2 d3

)
Therefore h0 should not report its true capacity in this market, because it
can always obtain a better match by reporting a capacity of 1. Note that if

h0 reports a capacity of 2 and P ′′ =
(
D,H, (2, 2), {�i}i∈D∪H\{h0} ∪ {�

q=2
h0
}
)

,

then we have Ψ(P ′′) = {µ′′1 , µ′′2}, where:

µ′′1 =

(
h0

d1 d4

h1

d2 d3

)
µ′′2 =

(
h0

d2 d4

h1

d1 d3

)
This means that if, for example, the hospital is uncertain about which stable
matching will come about, it may want to avoid reporting a capacity of 2 in
order not to lose d3 (e.g. in case the doctor-optimal mechanism is being used).
However, such hesitations should not bother the hospital when considering
reporting a capacity of just one position.



Implications of Capacity Reduction and Entry in Many-to-One Stable Matching 11

Example 3.3 can also serve as an alternative and a more direct proof for (a
slight modification of) Theorem 1 of Sönmez (1997). This theorem states that if
there are at least two hospitals and three doctors then there exists no matching
rule that is stable and non-manipulable via capacities. When using our example
as the proof, the reason for non-existence of any such mechanism becomes
much clearer. Instead of relying on the interaction between two hospitals’
incentives under the structure imposed by the stability constraint as in the
original proof, we only need to consider a rejection chain that is generated by
just one hospital and the benefits it gets from inducing this chain.

Corollary 3.4 (Modified version of Theorem 1 of Sönmez (1997))
Suppose there are at least two hospitals and four doctors. Then there exists no
stable mechanism that is non-manipulable via capacities.

It is certainly not the case that a hospital always wants to report a lower
capacity. For example, in a market with just one hospital, reporting a lower
capacity can only make the hospital weakly worse off. In this market Theo-
rem 3.2 holds with the relevant set of hospitals being empty. Furthermore, it
is possible that the set of hospitals mentioned in the theorem is not empty,
but does not contain h0, which means that the effect of its capacity reduction
on some other hospitals is predictable, but the welfare effect on itself does
not have to be. Another interesting observation is that in a setting in which
doctors are in very high demand (that is, under any stable matching every
doctor is employed by some hospital), it is straightforward that Theorem 3.2
holds with the relevant set of hospitals being non-empty.

While the earlier study of many-to-one matching focused solely on the
domain of responsive preferences, in recent years the literature converged to
studying a less restrictive preferences domain that still preserves the lattice
structure of stable matchings, namely the domain of substitutable preferences.
Most of the results on one-to-one matching were extended to this domain,
with the occasional restriction of requiring preferences to satisfy the law of
aggregate demand, a key property when attempting to prove extended versions
of the rural hospital theorem and similar results. We now show that the result
described above breaks down when the domain of preferences is extended to
substitutable preferences that satisfy the law of aggregate demand. The reason
for the failure is that unlike in the one-to-one case or the responsive preferences
case, the matching of a hospital with a single doctor does not contain all the
information about the hospital’s welfare change. When hospitals offer multiple
positions, a doctor taking a previously vacant position could possibly have a
marginal positive direct effect on the hospital employing her, but at the same
time induce a different mix of the other doctors altogether, and the latter can
have a much more substantial effect on hospitals’ ranking of their outcomes.



12 Assaf Romm

Example 3.5 Let P ∈ PSL be such that D = {d1, d2, d3}, H = {h0, h1, h2},
qh0 = 1, qh1 = 2, qh2 = 1, and:

�d1
= h0, h1

�d2= h2, h1

�d3= h1, h2

�h0= {d1}
�h1= {d1, d2}, {d2}, {d2, d3}, {d1, d3}, {d1}, {d3}
�h2= {d3}, {d2}

Hospitals’ preferences are substitutable and satisfy the law of aggregate de-

mand.15 Define P ′ =
(
D,H, (0, 2, 1), {�i}i∈D∪H\{h0} ∪ {�

q=0
h0
}
)

. One can

verify that Ψ(P ) = {µ1, µ2} and Ψ(P ′) = {µ′1, µ′2}, where:

µ1 =

(
h0

d1

h1

d3

h2

d2

)
µ′1 =

(
h1

d1 d3

h2

d2

)
µ2 =

(
h0

d1

h1

d2

h2

d3

)
µ′2 =

(
h1

d1 d2

h2

d3

)
Thus if we define a stable mechanism ψ such that ψ(P ) = µ2 and ψ(P ′) =

µ′1 we can clearly see that an exact analog of Theorem 3.2 fails. This is because
the only doctor who is made worse off following h0’s capacity reduction is d1,
and yet the hospital that employs d1 under ψD(P ′), namely h1, also becomes
worse off following the capacity reduction.

Inspecting Example 3.5, one may conjecture that weakening the conclu-
sion of Theorem 3.2 could help in establishing a similar result even without
responsiveness, and indeed this is the case.

Theorem 3.6 Assume P ∈ PSL. Let h0 ∈ H, 0 ≤ q′ < mh0(P ), and set

P ′ =
(
D,H, {�i}i∈D∪H\{h0} ∪ {�

q=q′

h0
}
)

. If P ′ ∈ PSL,16 then there exists a

non-empty subset of doctors S ⊆ D, such that under any stable mechanism ψ,
every doctor in S is worse off and every hospital in{

h | ∅ 6= ψD(P ′)(h) \ ψH(P )(h) ⊆ S
}

is better off under ψ(P ′) compared to ψ(P ).

Theorem 3.6 modifies the conclusion by relating a more restricted set of
hospitals to the set of doctors who are made worse off following the capacity
reduction. That is, the set of hospitals is now those hospitals that, except
for doctors who were employed by them under the hospital-optimal stable

15 However, preferences are not q-separable (Mart́ınez et al, 2000). See also Footnote 12.
16 This condition is required since it is not immediate (Lemma 3.1) and the proof uses the

doctor-optimal stable matching following the manipulation, a construct that may not exist

if �q=q′

h0
is not substitutable.
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matching prior to the reduction, employ only doctors from S under the doctor-
optimal stable matching following the reduction. For any subset of doctors who
are not indifferent between ψD(P ′) and ψH(P ), this relation induces a subset
of hospitals that is weakly included in the subset mentioned in Theorem 3.2.
That is to say:

∀S′ ⊆
{
d | ψD(P ′)(d) 6= ψH(P )(d)

}
:{

h | ∅ 6= ψD(P ′)(h) \ ψH(P )(h) ⊆ S′
}
⊆
{
h | ψD(P ′)(h) ∩ S′ 6= ∅

}
Moreover, as Example 3.5 shows, in some cases the inclusion is strict. The
restriction is necessary because when preferences are substitutable but not
responsive, comparisons across individual doctors employed by a hospital be-
come impossible, and one has to resort to comparisons between sets of doctors.
When restricted to one-to-one environments the two definitions coincide and
both Theorem 3.2 and Theorem 3.6 reduce to a statement equivalent to The-
orem 2.26 of Roth and Sotomayor (1990).

4 Entry in many-to-one markets

We now turn to applying our results on capacity reduction to the study of entry
in many-to-one markets. As was already briefly mentioned in the intuition for
the proof of Theorem 3.2, a hospital’s entry is the mirror image of a hospital’s
leaving the market, which is equivalent to reducing the hospital’s capacity
to zero. This relation provides us immediately some predictions that hold
regardless of the stable mechanism used.

For any P ∈ P and any d ∈ D we denote the market without d by:

P−d =
(
D \ {d}, H, {qh}h∈H , {�i}i∈D\{d} ∪ {�h|2D\{d}}h∈H

)
,

where �h|2D\{d} ≡ {(S1, S2) ∈�h| S1, S2 ⊆ D \ {d}}. We similarly define P−h
for any h ∈ H.

Corollary 4.1 Assume P ∈ PR. If h0 ∈ H and mh0
(P ) > 0 then there exists

a non-empty subset of doctors S ⊆ D, such that under any stable mechanism ψ,
every doctor in S is better off and every hospital in

{
h | ψD(P−h0

)(h) ∩ S 6= ∅
}

is worse off under ψ(P ) compared to ψ(P−h0).

Corollary 4.2 Assume P ∈ PSL. If h0 ∈ H and mh0
(P ) > 0 then there exists

a non-empty subset of doctors S ⊆ D, such that under any stable mechanism
ψ, every doctor in S is better off and every hospital in{

h | ∅ 6= ψD(P−h0
)(h) \ ψH(P )(h) ⊆ S

}
is worse off under ψ(P ) compared to ψ(P−h0

).
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Unlike the case of a hospital’s entry, we now establish that Theorem 2.26
of Roth and Sotomayor (1990) cannot be directly applied to many-to-one mar-
kets when a doctor enters the market. Recall that this theorem states that if
a doctor enters the market and gets matched then there exists a non-empty
set of hospitals such that every hospital in this set becomes better off fol-
lowing the entry under any stable mechanism. Furthermore, every doctor who
was previously employed by some hospital in the mentioned set of hospitals be-
comes worse off following the entry. Example 4.3 describes a situation in which
the one doctor that was previously in the market does not become worse off
following another doctor’s entry.

Example 4.3 Let P ∈ PR be such that D = {d0, d1}, H = {h1}, qh1 = 2, and
the preferences are given by:

�d0= h1

�d1= h1

�h1= {d0, d1}, {d1}, {d0}

Note that Ψ(P−d0
) = {µ} and Ψ(P ) = {µ′}, where µ and µ′ are given by:

µ =

(
h1

d1

)
µ′ =

(
h1

d0 d1

)
Therefore, this example simply points to the fact that a doctor could get a
vacant place without having any impact on the welfare of other doctors in the
system.

While the original result cannot be fully recuperated in the many-to-one
case, a partial formulation that predicts only that some hospitals will be made
better off following the entry of a doctor is possible under the assumption of
responsive preferences. Furthermore, if we assume all hospitals were at full
capacity prior to the entry, we also get predictions on welfare effects on the
entrant’s side.17

Theorem 4.4 Assume P ∈ PR. If doctor d0 ∈ D is such that md0
(P ) = 1

then there exists a non-empty subset of hospitals S ⊆ H, such that under any
stable mechanism ψ, every hospital in S is better off under ψ(P ) compared to
ψ(P−d0).

Theorem 4.5 Assume P ∈ PR. If doctor d0 ∈ D is such that md0
(P ) = 1

and ∀h ∈ H : mh(P−d0
) = qh, then there exists a non-empty subset of hospitals

S ⊆ H, and a non-empty subset of doctors T ⊆
{
d | ψH(P−d0)(d) ∈ S

}
, such

that under any stable mechanism ψ, every hospital in S is better off and every
doctor in T is worse off under ψ(P ) compared to ψ(P−d0

).

We conclude this section by showing that Theorem 4.4 and Theorem 4.5
fail to hold when preferences are allowed to be non-responsive, even when they
are substitutable and satisfy the law of aggregate demand.

17 I thank the associate editor for suggesting this extension.
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Example 4.6 Let P ∈ PSL be such that D = {d0, d1, d2, d3}, H = {h1, h2},
qh1 = 2, qh2 = 1, and the preferences are given by:

�d0
=h1

�d1
=h1, h2

�d2
=h2, h1

�d3
=h1

�h1
={d0, d2}, {d2, d3}, {d0, d1}, {d0, d3}, {d1, d3}, {d1, d2},
{d0}, {d1}, {d2}, {d3}

�h2
={d1}, {d2}

It is easy to verify that both �h1 and �h2 are substitutable and satisfy the
law of aggregate demand.18 The stable matchings before and after d0 enters
the market are given by Ψ(P−d0

) = {µ1, µ2} and Ψ(P ) = {µ′1, µ′2}, where the
different matchings are:

µ1 =

(
h1

d1 d3

h2

d2

)
µ′1 =

(
h1

d0 d1

h2

d2

)
µ2 =

(
h1

d2 d3

h2

d1

)
µ′2 =

(
h1

d0 d2

h2

d1

)
Define a stable mechanism ψ such that ψ(P−d0) = µ2 and ψ(P ) = µ′1, and
then both hospitals are worse off following d0’s entry.

5 Truncations and dropping strategies

Having dealt with the effects of capacity reduction and its potential to al-
low successful manipulation regardless of the stable mechanism, we now wish
to study similar effects when a hospital reports a preference relation that is
different than its true preference relation. For any hospital h ∈ H with a pref-

erence relation �h, we say that h plays a dropping strategy �dr(E)
h for

some E ⊆ D if:

1. For all D′ ⊆ D: D′ �dr(E)
h ∅ ⇐⇒ D′ �h ∅ and D′ ∩ E = ∅.

2. For all D′, D′′ ⊆ D: If D′ �dr(E)
h ∅ and D′′ �dr(E)

h ∅, then D′ �dr(E)
h

D′′ ⇐⇒ D′ �h D
′′.

In other words, a hospital playing a dropping strategy submits its true pref-
erence over some subset of its acceptable doctors. Note that this definition
coincides with the definition of Kojima and Pathak (2009) for the domain of

responsive preferences. We say that h plays a truncation strategy �tr(d)
h

(or simply that �tr(d)
h is a truncation of �h) if �tr(d)

h is derived from �h by
“truncating” all doctors below and including d ∈ D. Formally, we require:

18 In fact, �h1
is also 2-separable and �h2

is 1-separable (Mart́ınez et al, 2000).
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1. For all D′ ⊆ D: D′ �tr(d)
h ∅ ⇐⇒ D′ �h ∅ and ∀d′ ∈ D′: {d′} �h {d}.

2. For all D′, D′′ ⊆ D: If D′ �tr(d)
h ∅ and D′′ �tr(d)

h ∅, then D′ �tr(d)
h D′′ ⇐⇒

D′ �h D
′′.

That is, �tr(d)
h is the same as �h, except it does not accept any subset of

doctors containing any doctor who is weakly less preferred to d. It is easy to
see that a truncation strategy is also a dropping strategy.

Observation 5.1 Let �h be hospital h’s preference relation. If �h is respon-

sive, then for any d ∈ D, �tr(d)
h is also responsive.

Our next theorem states that if hospital h0 reports a truncated preference
such that some doctor who was previously assigned to h0 under the hospital-
optimal stable matching is now unacceptable according to the truncated pref-
erence, then a similar conclusion to the one that appears in Theorem 3.2
holds.19

Theorem 5.2 Assume P ∈ PR.20 Let h0 ∈ H, d̄ ∈ D, and d∗ ∈ ψH(P )(h0)

be such that
{
d̄
}
�h0 {d∗}, and P ′ =

(
D,H, {�i}i∈D∪H\{h0} ∪ {�

tr(d̄)
h0
}
)

.

Then there exists a non-empty subset of doctors S ⊆ D, such that under any
stable mechanism ψ, every doctor in S is worse off and every hospital in{
h | ψD(P ′)(h) ∩ S 6= ∅

}
is better off under ψ(P ′) compared to ψ(P ).

The intuition here resembles the one for Theorem 3.2, as a hospital that
uses a truncation strategy practically does something which is very much like
reducing its capacity. Rejecting the less attractive doctors mimics what would
have happened, for example, in a deferred acceptance algorithm (with either
doctors or hospitals proposing), and again causes rejection chains that may
lead to more preferred doctors being available for the hospital to hire.

Theorem 5.2 uses truncations, which play an important role in preferences
manipulation in one-to-one markets. Specifically, in these markets a player try-
ing to act strategically to manipulate the results of the stable mechanism can
restrict herself to the class of truncation strategies. However, in many-to-one
matching truncations do not exhaust the space of strategies that may lead to
better outcomes. Kojima and Pathak (2009, Lemma 1) show that using drop-
ping strategies a hospital can mimic all the manipulations that are possible by
reporting a reduced capacity and some preference relation over individual doc-
tors. It turns out there is no immediate counterpart for Theorem 5.2 that holds
for dropping strategies. To see that, consider the following counterexample:

19 Note that for the case of doctors truncating their preferences, truncating above the
doctor-optimal stable match always results in remaining single, and so it is equivalent to
leaving the market. Truncating below the doctor-optimal stable match does not give rise to
any consistent welfare predictions (i.e. independently of the mechanism).
20 Theorem 5.2 does not hold under the weaker assumption of q-separable and substitutable

preferences. See Example 5.4.
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Example 5.3 Let P ∈ PR be such that D = {d1, d2}, H = {h0, h1}, qh0 =
qh1 = 1, and the preferences are given by:

�d1= h0, h1

�d2= h0, h1

�h0= {d1}, {d2}
�h1= {d2}, {d1}

Suppose that for some reason h0 considers playing the dropping strategy:

�′h0
= {d2}

Define P ′ =
(
D,H, {qh}h∈H , {�d1

,�d2
,�′h0

,�h1
}
)
. It is easy to verify that

Ψ(P ) = {µ} and Ψ(P ′) = {µ′}, where:

µ =

(
h0

d1

h1

d2

)
µ′ =

(
h0

d2

h1

d1

)
This implies that the non-empty set of doctors in the theorem must be S =
{d1}. However, this means that the relevant set of hospitals contains only h1,
which is worse off following the manipulation. Thus, the theorem must be
revised in some way if it is to be applied to dropping strategies. Note that
despite the fact that in this particular example playing the dropping strategy
hurts h0, in all other results in this paper the hospital that reduced its capacity
or reports different preferences can be worse off, better off or indifferent.

Another reasonable question is whether it is possible to extend the theo-
rem to the case of substitutable preferences that satisfy the law of aggregate
demand in a manner similar to Theorem 3.6. The answer is again negative, as
the following example demonstrates.

Example 5.4 Let P ∈ PSL be such that D = {d1, d2, d3, d4}, H = {h0, h1},
qh0 = qh1 = 2, and the preferences are given by:

�d1=h1, h0

�d2=h1, h0

�d3=h0, h1

�d4=h0, h1

�h0={d1, d2}, {d1, d3}, {d1, d4}, {d2, d3}, {d2, d4},
{d3, d4}, {d3}, {d4}, {d1}, {d2}

�h1={d3, d4}, {d1, d3}, {d2, d3}, {d1, d4}, {d2, d4},
{d1, d2}, {d3}, {d4}, {d1}, {d2}

These preferences are not only substitutable and satisfy the law of aggre-
gate demand, they are also q-separable. However, it is important to note that

�h0
is not responsive. Consider the truncation �tr(d1)

h0
, which is responsive

and is therefore substitutable and satisfies the law of aggregate demand. Let
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P ′ =
(
D,H, {qh}h∈H , {�i}i∈D∪H\{h0} ∪ {�

tr(d1)
h0

}
)

be the problem in which

h0 truncates, and note that Ψ(P ) = {µ1, µ2} and Ψ(P ′) = {µ′}, where:

µ1 =

(
h0

d1 d2

h1

d3 d4

)
µ′ =

(
h0

d3 d4

h1

d1 d2

)
µ2 =

(
h0

d3 d4

h1

d1 d2

)
This means that there exists a stable mechanism ψ such that ψ(P ) = µ1 and
ψ(P ′) = µ′, and all doctors are better off following the manipulation.

6 Conclusion

This paper explored welfare consequences of capacity reductions, entries and
truncations in many-to-one matching markets governed by stable mechanisms.
We showed that there are situations in which even if participants have imper-
fect information about the matching process, they may profitably manipulate
by reducing capacity. It should be emphasized that one key argument for re-
ducing capacity is gaining the ability to propose positions to doctors while
bypassing the centralized mechanism (e.g. market unraveling or off-shore hir-
ing). This paper does not incorporate the advantage gained by freeing up
additional positions. It does show that doing so may create a second-order ef-
fect that also works to the hospital’s benefit, and therefore encourages rather
than inhibits the process of market unraveling.

We assumed throughout that hospitals have strict preferences over accept-
able doctors and vice-versa. While this assumption could be defended in some
markets, it is quite problematic when discussing school choice, where students
are frequently assigned the same priority by the schools and the indifferences
are motivated by moral considerations and not by lack of sufficient informa-
tion. The fact that mechanisms can break ties in different ways implies that
the structure of stable matchings is a bit different, and this prevents us from
applying the same techniques. Note however that in this case even comparisons
that take the mechanism to be a fixed one usually hold only under a specific
tie-breaking rule, so it is possible that we should be less ambitious when trying
to come up with predictions that hold across all stable mechanisms as well.

Finally, throughout our analysis we used the language of the college admis-
sions model (applied to hospitals and doctors). However, the market design
literature has recently witnessed the emergence of several generalized match-
ing models.21 One may wonder to which extent our results continue to hold
in these more sophisticated environments. First, all the results hold for the
many-to-one generalized matching with contracts framework of Hatfield and
Milgrom (2005).22 This implies that the results we described are also true for

21 Some of those can be found in Hatfield and Milgrom (2005), Echenique and Oviedo
(2006), Hatfield et al (2013) and Ostrovsky (2008).
22 For details please contact the author.
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matching with salaries and with other properties that may be embedded in
the contracts.23 Furthermore, while it is probably true that similar results will
continue to hold in other matching frameworks as long as we assume everybody
has responsive preferences, it is also quite easy to see that in many-to-many
matching environment with substitutable preferences one will run into prob-
lems trying to generalize our results, by extending Example 4.6 (in which a
doctor enters the market). However, it is my belief that similar predictions are
still possible in supply networks that have a pyramid structure, i.e. in which
each firm can sell to multiple clients, but can have only one supplier.24

A Proofs

A.1 Proof of Lemma 3.1

1. This part is immediate from the definitions and is omitted.
2. Let �h be a substitutable preference that satisfies the law of aggregate demand,25 and

assume in contradiction that �q=q′

h does not satisfy the law of aggregate demand. Then

there are two sets of doctors D′ ⊆ D′′ such that |Cq=q′

h (D′)| > |Cq=q′

h (D′′)|, where

Cq=q′

h is the choice function related to the preference �q=q′

h .

Let E = Ch

(
Cq=q′

h (D′) ∪ Cq=q′

h (D′′)
)

. Then from the law of aggregate demand (ap-

plied to �h) we have |E| ≥
∣∣∣Cq=q′

h (D′)
∣∣∣, which means E 6⊆ Cq=q′

h (D′′), and there exists

some d ∈ E \ Cq=q′

h (D′′). Since {d} ∪ Cq=q′

h (D′′) ⊆ D′′ and |Cq=q′

h (D′′)| < q′, then

Ch

(
{d} ∪ Cq=q′

h (D′′)
)

= Cq=q′

h (D′′). Putting all together we get:

d ∈
(
{d} ∪ Cq=q′

h (D′′)
)
∩ Ch

(
Cq=q′

h (D′) ∪ Cq=q′

h (D′′)
)

, and

d /∈ Ch

(
{d} ∪ Cq=q′

h (D′′)
)

which contradicts the substitutability of �h.
3. Consider the following example. Let D = {d1, d2, d3, d4} and H = {h}. Hospital h’s

preferences over doctors are given by:

�h={d1, d2, d3, d4}, {d1, d2, d3}, {d1, d2, d4}, {d1, d3, d4},
{d2, d3, d4}, {d1, d2}, {d3, d4}, {d1, d3}, {d1, d4}, {d2, d3},
{d2, d4}, {d1}, {d2}, {d3}, {d4}

23 For a comparison of the generality of matching with contracts and matching with just
salaries, see Echenique (2011).
24 In this suggested framework, a manipulation by one of the first-layer suppliers has

predictable outcomes on a set of firms (intermediate or final users) and a related set of
firms, which are the immediate suppliers of the first set.
25 The substitutability assumption is imperative. A counterexample when substitutability

is not assumed is the following preference relation:

�= {d1, d2, d3}, {d1}, {d1, d3}, {d2, d3}, {d3}

which satisfies the law of aggregate demand, but after imposing capacity of 2 the resulting
preference does not satisfy the law of aggregate demand.
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This preference is substitutable and satisfies the law of aggregate demand (h never
rejects any doctors). However, imposing a capacity 2 on �h gives us the following sub-
stitutability violation:

{d2, d3, d4} ∩ Cq=2
h (D) = {d2} 6⊆ {d3, d4} = Cq=2

h ({d2, d3, d4})

ut

A.2 Proof of Theorem 3.6

Let µ = ψH(P ) and µ′ = ψD(P ′). Throughout this proof “agent i is better off” means
µ′(i) �i µ(i), and similarly for “indifferent”, “weakly worse off”, and so on. Assume in
contradiction that there exists no S ⊆ D such that S 6= ∅ and every doctor in S is worse
off, and every hospital in {h | ∅ 6= µ′(h) \ µ(h) ⊆ S} is better off.

Construct a directed graph with vertices V = D∪H, and edges E = {(d, h) | µ′(d) = h}∪
{(h, d) | µ(d) = h}. We prove a series of claims that will enable us eventually to show that
the number of outgoing edges is strictly larger than the number of incoming edges (in the
entire graph), thus reaching a contradiction.

Note that Claims 3.2.1 and 3.2.2 continue to hold, but Claim 3.2.3 relied on responsive-
ness and does not hold here.

Claim 3.6.1 For every hospital h ∈ H \ {h0} that is not indifferent there is at least one
doctor in µ(h) who is better off.

Proof If not then h (which is worse off by Claim 3.2.2) and the doctors in µ(h) block µ′. �

Claim 3.6.2 For every hospital h ∈ H, if there exists some d ∈ µ′(h) who is worse off,
then µ′(h) \ µ(h) = {d}.

Proof If |µ′(h) \ µ(h)| > 1, then S = {d} provides a contradiction. �

Claim 3.6.3 For every hospital h ∈ H, the number of doctors in µ′(h) who are better off
is less or equal to the number of doctors in µ(h).

Proof If h = h0 this is immediate from the assumption on q′. For other hospitals, denote
by D̃ the set of doctors in µ′(h) who are better off. From the substitutability of �h and
D̃ ⊆ µ′(h) it is immediate that Ch(D̃) = D̃, and from the stability of µ it is also true that

Ch(D̃ ∪ µ(h)) = µ(h). Then the law of aggregate demand implies that
∣∣∣D̃∣∣∣ ≤ |µ(h)|. �

Claim 3.6.4 For every agent i ∈ D ∪H the number of incoming edges is less or equal to
the number of outgoing edges: deg−(i) ≤ deg+(i).

Proof If the agent is a doctor, this is immediate from Claim 3.2.1. Suppose the agent is
h ∈ H. If deg−(h) = 0, the conclusion is immediate. If there exists a doctor d ∈ µ′(h) who
is worse off, then by Claim 3.6.2 |µ′(h) \ µ(h)| = 1, but we also know from Claim 3.6.1 that
|µ(h) \ µ′(h)| ≥ 1, and so we have deg−(h) = |µ′(h) ∩ µ(h)| + 1 ≤ deg+(h). If there exists
one doctor d ∈ µ′(h) who is better off, then by Claim 3.6.3 the conclusion is correct. And
finally, if all the doctors in µ′(h) are indifferent, then deg−(h) ≤ deg+(h). �

Sum the indegrees and the outdegrees of all agents. From Claim 3.6.4 we know that∑
i∈D∪H deg−(i) ≤

∑
i∈D∪H deg+(i). Moreover, since by assumption deg−(h0) ≤ q′ <

mh0
(P ) = deg+(h0), the inequality is in fact strict. This concludes the contradiction argu-

ment, proving that the required S exists.
The conclusion of the theorem follows from the hospital-optimality and the doctor-

optimality of µ and µ′ respectively in a way similar to the proof of Theorem 3.2. The
polarization of interests for the optimal/pessimal stable matchings under substitutable pref-
erences is proved by Roth (1984b, Theorem 3). ut
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A.3 Proof of Theorem 4.4

Let µ = ψH(P−d0 ) and µ′ = ψD(P ). Throughout this proof “agent i is better off” means
µ′(i) �i µ(i), and similarly for “indifferent”, “weakly worse off”, and so on. Assume in
contradiction that all hospitals in H are weakly worse off.

Construct a directed graph with vertices V = D∪H, and edges E = {(h, d) | µ(d) = h}∪
{(d, h) | µ′(d) = h}.

Claim 4.4.1 For every hospital h ∈ H, if there is at least one doctor who is better off in
µ′(h) \ {d0}, then |µ(h)| = qh, and all doctors in µ(h) are weakly better off.

Proof Let d′ ∈ µ′(h) \ {d0} be better off. If |µ(h)| < qh then h and d′ form a blocking pair
under µ, and therefore |µ(h)| = qh. Suppose d ∈ µ(h) is worse off. From the stability of µ
we have:

µ(h) �h µ(h) ∪ {d′} \ {d},
and from the stability of µ′ that:

µ′(h) �h µ
′(h) ∪ {d} \ {d′},

which together contradict the responsiveness of �h. Hence no such d exists, and all doctors
in µ(h) are weakly better off. �

Claim 4.4.2 Let h′ = µ′(d0), then the number of doctors who are better off in µ(h′) is
strictly larger than the number of doctors who are better off in µ′(h′) \ {d0}.

Proof First, note that there must be at least one doctor in µ(h′) who is better off, or
otherwise h′ (which is worse off by our contradiction assumption) and µ(h′) form a blocking
coalition under µ′. If all doctors in µ′(h′) \ {d0} are weakly worse off then we are done, and
if some are better off, then use Claim 4.4.1. �

Let Db ⊆ D\{d0} denote the set of doctors who are better off (d0 not included), deg−b (h)

denote the number of incoming edges from doctors in Db to hospital h, and deg+
b (h) denote

the number of outgoing edges from hospital h to doctors in Db. We know that:

∀h ∈ H : deg−b (h) ≤ deg+
b (h) (Claim 4.4.1)

deg−b
(
µ′(d0)

)
< deg+

b

(
µ′(d0)

)
(Claim 4.4.2)

∀d ∈ Db : deg−(d) ≤ deg+(d) (individual rationality)

We sum over all hospitals to get:∑
h∈H

deg−b (h) <
∑
h∈H

deg+
b (h) =

∑
d∈Db

deg−(d) ≤
∑

d∈Db

deg+(d) ≤
∑
h∈H

deg−b (h)

We reached a contradiction and therefore there exists some non-empty set S ⊆ H of hospitals
that are better off.

The conclusion of the theorem follows from the hospital-optimality and the doctor-
optimality of µ and µ′ respectively, in a way similar to the proof of Theorem 3.2. ut

A.4 Proof of Theorem 4.5

Let µ = ψH(P−d0 ) and µ′ = ψD(P ). Throughout this proof “agent i is better off” means
µ′(i) �i µ(i), and similarly for “indifferent”, “weakly worse off”, and so on. Assume in
contradiction that there exists no S ⊆ H and T ⊆ {d | µ(d) ∈ S} such that S 6= ∅, T 6= ∅,
every hospital in S is better off and every doctor in T is worse off.

Construct a directed graph with vertices V = D∪H, and edges E = {(h, d) | µ(d) = h}∪
{(d, h) | µ′(d) = h}. As in the proof of Theorem 4.4, let Db ⊆ D \ {d0} denote the set of
doctors who are better off (d0 not included), deg−b (h) denote the number of incoming edges

from doctors in Db to hospital h, and deg+
b (h) denote the number of outgoing edges from

hospital h to doctors in Db.
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Claim 4.5.1 There exists h0 ∈ H such that deg−b (h0) < deg+
b (h0).

Proof Let h0 be some hospital that is better off (by Theorem 4.4). If there exists a doctor
d ∈ µ(h0) who is worse off, then S = {h0} and T = {d} provide a contradiction. It must
be then that all doctors in µ(h0) are weakly better off. Since by assumption |µ(h0)| =
mh0

(P ) = qh0
, it follows that deg−b (h0) ≤ deg+

b (h0). If d0 ∈ µ′(h0) then we are done. If
d0 /∈ µ′(h0), and all doctors in µ′(h0) are weakly better off, then we get a contradiction to
the stability of µ through the blocking coalition composed of h0 and µ′(h0). �

Putting everything together we know that:

∀h ∈ H : deg−b (h) ≤ deg+
b (h) (Claim 4.4.1)

∃h0 ∈ H : deg−b (h0) < deg+
b (h0) (Claim 4.5.1)

∀d ∈ Db : deg−(d) ≤ deg+(d) (individual rationality)

We sum over all hospitals to get:∑
h∈H

deg−b (h) <
∑
h∈H

deg+
b (h) =

∑
d∈Db

deg−(d) ≤
∑

d∈Db

deg+(d) ≤
∑
h∈H

deg−b (h)

We reached a contradiction and therefore the required S and T do exist.
The conclusion of the theorem follows from the hospital-optimality and the doctor-

optimality of µ and µ′ respectively, in a way similar to the proof of Theorem 3.2. ut

A.5 Proof of Theorem 5.2

The method of proof is very similar to the one used in proving Theorem 3.2. We repeat the
construction done there and recall that µ = ψH(P ) and µ′ = ψD(P ′) (the existence of µ′ is
guaranteed from Observation 5.1). Note that Claims 3.2.1 and 3.2.2 continue to hold.

Claim 5.2.1 For every hospital h ∈ H, if there is at least one doctor who is better off in
µ′(h), then |µ(h)| = qh, and all doctors in µ(h) are weakly better off.

Proof For every h 6= h0 the proof is the same as the proof of Claim 3.2.3. For h0, let
d′ ∈ µ′(h0) be better off. If |µ(h0)| < qh0

then d′ and h0 form a blocking pair for µ, hence
|µ(h0)| = qh0

. Suppose d ∈ µ(h0) is worse off. From the stability of µ we have:

µ(h0) �h0
µ(h0) ∪ {d′} \ {d},

and from stability of µ′ we have:

µ′(h0) �tr(d̄)
h0

µ′(h0) ∪ {d} \ {d′},

and since �tr(d̄)
h0

is a truncation, these two statements together contradict the responsiveness

of �h0
. Hence no such d exists and all doctors in µ(h0) are weakly better off. �

Claim 5.2.2 All doctors in W ∩D are weakly worse off.

Proof Let Db = {d ∈ D | d is better off}. Let deg−b (h) denote the number of incoming edges

from doctors in Db to hospital h, and deg+
b (h) denote the number of outgoing edges from

hospital h to doctors in Db.
Unless W ∩Db = ∅ we can find d′ ∈ argmind∈W∩Db

δ(h0, d), where δ(x, y) denotes the

distance between nodes x and y on the graph (V, E). We denote h′ = µ(d′). We claim that:

deg−b (h′) < deg+
b (h′). (2)
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Note that d′ ∈ µ(h′) and so deg+
b (h′) ≥ 1. If deg−b (h′) = 0, then we are done. Let ni =

|µ(h′) ∩ µ′(h′)| denote the number of doctors who are indifferent in µ(h′). If 1 ≤ deg−b (h′)+

ni < qh′ then we can use Claim 5.2.1 to prove the strict inequality. Finally, if 1 ≤ deg−b (h′)+
ni = qh′ we need to distinguish between two cases. If h′ = h0 then we know all doctors in
µ′(h0) are weakly better off. However, there must be at least one doctor d′′ ∈ µ′(h0)\µ(h0)
such that d′′ �h0

d∗ ∈ µ(h0) (by the assumption on the truncation), and so we get a
contradiction to the stability of µ. If h′ 6= h0, then there must be d′′ ∈ µ′(h′)∩Db such that
δ(h0, d′′) < δ(h0, d′), contradicting the way d′ was chosen.

Putting everything together we know that:

∀h ∈ H : deg−b (h) ≤ deg+
b (h) (Claim 5.2.1)

deg−b (h′) < deg+
b (h′) (Equation 2)

∀d ∈ Db : deg−(d) ≤ deg+(d) (individual rationality)

We sum over all hospitals in H to get:∑
h∈H

deg−b (h) <
∑
h∈H

deg+
b (h) =

∑
d∈Db

deg−(d) ≤
∑

d∈Db

deg+(d) ≤
∑
h∈H

deg−b (h)

Which is a contradiction, proving that W ∩Db must be empty. �

Pick some d ∈ µ(h0) \ µ′(h0), and let h = µ′(d) (exists by Claim 3.2.1). We get that
hospital h (which is worse off by Claim 3.2.2) and the doctors in µ(h) (who are weakly worse
off by Claim 5.2.2) form a blocking coalition under µ′. This concludes the contradiction
argument, proving that the required S exists.

The conclusion of the theorem follows from the hospital-optimality and the doctor-
optimality of µ and µ′ respectively, in a way similar to the proof of Theorem 3.2. ut
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